Abstract. We prove the failure of stable rationality for many smooth well formed weighted hypersurfaces of dimension at least 3. It is in particular proved that a very general smooth well formed Fano weighted hypersurface of index one is not stably rational.
Introduction
Totaro [14] proved the failure of stable rationality for many hypersurfaces by developing the combination of the arguments of Voisin [15] , Colliot-Thélène, Pirutka [3] and Kollár [8] . To be precise, it is proved that a very general complex hypersurface of degree d in P n+1 is not stably rational if n ≥ 3 and d ≥ 2 (n + 2)/3 . The aim of this article is to generalize this result to smooth weighted hypersurfaces.
In the study of stable rationality of smooth weighted hypersurfaces, main objects to be considered are Fano varieties. Smooth Fano weighted hypersurfaces of dimension 3 are X 4 ⊂ P(1 4 , 2), X 6 ⊂ P(1 4 , 3), X 6 ⊂ P(1 3 , 2, 3) and hypersurfaces of degree at most 4 in P 4 . Here the subscript of X indicates the degree of the defining equation of X and, for instance, P(1 4 , 2) = P(1, 1, 1, 1, 2). The failure of stable rationality of very general X 4 ⊂ P(1 4 , 2), X 6 ⊂ P(1 4 , 3) and X 6 ⊂ P(1 3 , 2, 3) is proved in [15] , [1] and [7] , respectively. The failure of stable rationality of a very general terminal Fano weighted hypersurface of index 1 (which belongs to one of the famous 95 families) is also proved in [12] . It is proved in [11] that a very general 4-dimensional smooth weighted hypersurface of index 1 (i.e. I X = 1, see below) is not stably rational.
Besides the hypersurfaces in a projective space, one of the most familiar varieties which can be described as a weighted hypersurface are cyclic covers of P n . It is proved in [4] and [11] that a cyclic cover of P n branched along a very general hypersurface of degree d is not stably rational if d ≥ n + 1.
For a smooth well formed weighted hypersurface X = X d ⊂ P(a 0 , . . . , a n+1 ) of degree d, we define a Σ = a 0 + a 1 + · · · + a n+1 , a Π = a 0 a 1 · · · a n+1 , I X = a Σ − d.
We see that X is a Fano manifold if and only if I X > 0, and in this case I X is called the index of X. Note that X is not stably rational if I X ≤ 0. It is known that the weights a 0 , . . . , a n+1 are mutually coprime to each other and that d is divisible by a Π (see Lemma 3.10) . The following are the main results of this article. Theorem 1.1. Let X be a very general smooth well formed weighted hypersurface of degree d in P C (a 0 , . . . , a n+1 ), where n ≥ 3. If the inequality I X ≤ max{a 0 , . . . , a n+1 }, holds, then X is not stably rational. Theorem 1.2. Let X be a very general smooth well formed weighted hypersurface of degree d in P C (a 0 , . . . , a n+1 ), where n ≥ 3. Suppose that e := d/a Π > 1 and let p be the smallest prime factor of e. If the inequality
holds, then X is not stably rational.
Theorem 1.3. Let X be a very general smooth well formed weighted hypersurface of degree d in P C (a 0 , . . . , a n+1 ), where n ≥ 3. Suppose that e := d/a Π > 1 is odd. If the inequality
Focusing on the index of Fano hypersurfaces, Totaro's result can be interpreted as follows: a very general Fano hypersurface of index I in P n+1 is not stably rational for n ≥ 3I. As a corollary to the above theorems, we can generalize this to weighted hypersurfaces. Corollary 1.4. For a given integer I, there exists a constant N I depending only on I such that a very general smooth well formed weighted hypersurface of dimension n which is not a linear cone is not stably rational for n ≥ N I . Corollary 1.5. Let X be a very general smooth well formed weighted hypersurface of index I X and of dimension at least 3, which is not a linear cone. Then the following hold.
(1) If I X = 1, then X is not stably rational.
(2) If I X = 2, then X is not stably rational except possibly for X 3 ⊂ P 4 and X 5 ⊂ P 6 . (3) If I X = 3, then X is not stably rational except possibly for X 2 ⊂ P 4 , X 3 ⊂ P 5 , X 4 ⊂ P 6 , X 5 ⊂ P 7 and X 7 ⊂ P 9 .
This implies that we can take N 1 = 3, N 2 = 6 and N 3 = 9 although N 2 , N 3 may not be optimal. In the above exceptions, X 2 ⊂ P 4 is clearly rational and X 3 ⊂ P 4 is not rational by [2] while its stable rationality is unknown. Neither rationality nor stable rationality is determined for X 5 ⊂ P 6 and X d ⊂ P d+2 for d = 3, 4, 5, 7.
We explain the content of the paper. In Section 2, we recall the specialization arguments of universal CH 0 -triviality and the Kollár's construction of global differential forms on inseparable covering spaces. In Section 3, we study weighted hypersurfaces in arbitrary characteristic with an emphasis on singularities and on the restriction maps of global sections of sheaves. Sections 4, 5 and 6 are devoted to the proof of Theorems 1.2, 1.3 and 1.1, respectively. Theorems 1.2 and 1.3 can be thought of as direct generalizations of Totaro's result on hypersurfaces, while in the proof of Theorem 1.1 we need to consider a mixed characteristic degeneration different from Totaro's. In Section 7, we give a supplemental result on the failure of stable rationality of smooth weighted hypersurfaces and in Section 8 we prove corollaries.
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Preliminaries
We briefly recall fundamental results which will be necessary in the proof of stable non-rationality of varieties via the reduction modulo p arguments.
2.1. Specialization of universal CH 0 -triviality. For a variety X, we denote by CH 0 (X) the Chow group of 0-cycles on X, which is by definition the free abelian group of 0-cycles modulo rational equivalence. Definition 2.1.
(1) A projective variety X defined over a field k is universally CH 0 -trivial if, for any field extension F ⊃ k, the degree map deg :
Universal CH 0 -triviality is an obstruction for stable rationality.
Lemma 2.2. If X is a smooth, projective, stably rational variety, then X is universally CH 0 -trivial.
We apply the following form of specialization result on universal CH 0 -triviality.
Theorem 2.3 ([3, Théorème 1.14]). Let A be a discrete valuation ring with fraction field K and residue field k, with k algebraically closed. Let X be a flat proper scheme over A with geometrically integral fibers. Let X be the generic fiber X × A K and Y the special fiber X × A k. Assume that the geometric generic fiber X K is smooth, where K is an algebraic closure of K, and Y admits a universally CH 0 -trivial resolutionỸ → Y of singularities. If X K is universally CH 0 -trivial, then so isỸ .
Failure of universal CH 0 -triviality can be concluded by the existence of a global differential form.
Lemma 2.4 ([14, Lemma 2.2])
. Let X be a smooth projective variety over a filed. If H 0 (X, Ω i X ) = 0 for some i > 0, then X is not stably rational. 2.2. Inseparable covers and global differential forms. Let Z be a smooth variety defined over an algebraically closed field k of characteristic p > 0, L an invertible sheaf on Z, m a positive integer divisible by p and s ∈ H 0 (Z, L m ).
Let U = Spec(⊕ i≥0 L −i ) be the total space of the line bundle L and π U : U → Z the natural morphism. We denote by y ∈ H 0 (U, π * U L) the zero section and define
s] and π = π U | X : X → Z. We call X or π : X → Z the covering of Z obtained by taking the mth roots of s.
The singularities of X can be analyzed by critical points of the section s. Let q ∈ Z be a point and x 1 , . . . , x n local coordinates of Z at q. Around q, we can write s = f (x 1 , . . . , x n )τ m , where f ∈ O Z,q and τ is a local generator of L at q. We write f = α+ +q +g, where α ∈ k, , q are linear, quadratic forms in x 1 , . . . , x n , respectively, and g = g(x 1 , . . . , x n ) ∈ (x 1 , . . . , x n ) 3 . Definition 2.5. We keep the above setting. We say that s ∈ H 0 (Z, L m ) has a critical point at q ∈ Z if = 0. We say that s ∈ H 0 (Z, L m ) has an admissible critical point at q ∈ Z if s has a critical point at q and the following is satisfied:
• In case either p = 2 or p = 2 and n is even, q is a nondegenerate quadric.
• In case p = 2, n is odd and 4 m, we have length(O Z,q /(∂f /∂x 1 , . . . , ∂f /∂x n )) = 2, or equivalently q = βx 2 1 + x 2 x 3 + x 4 x 5 + · · · + x n−1 x n and x 3 1 ∈ c for some β ∈ k under a suitable choice of local coordinates.
• In case p = 2, n is odd and 4 | m, we have length(O Z.q /(∂f /∂x 1 , . . . , ∂f /∂x n )) = 2 and the quadric in P n−1 defined by q = 0 is smooth, or equivalently, q = x 2 1 + x 2 x 3 + x 4 x 5 + · · · + x n−1 x n and x 3 1 ∈ c under a suitable choice of local coordinates.
Note that admissible critical points are isolated. It is easy to see that X is singular at p ∈ X if and only if s has a critical point at π(p). Thus, if the section s has only admissible critical points on Z, then the singularity of X are isolated. Remark 2.6. We briefly recall the argument showing that a general section s ∈ H 0 (Z, L m ) has only admissible critical points on Z. We refer readers' to [9, Section V.5] for details. For a point q ∈ Z and an integer i ≥ 2, we denote by
q is surjective, then the subset V cr q ⊂ H 0 (Z, L m ) consisting of the sections admitting a critical point at q is a linear subspace of codimension dim
q is surjective, then the subset V na q ⊂ H 0 (Z, L m ) consisting of the sections admitting a non-admissible critical point at q is a proper closed subset of V cr q , and hence V na q is of codimension at least dim Z + 1 in H 0 (Z, L m ). In particular, by counting dimensions, a general section in H 0 (Z, L m ) has only admissible critical point on Z if rest 4 q is surjective for any q ∈ Z. We can summarize the results of [9] , [4] and [11] in the following form. and a resolution of singularities ϕ :X → X with the following properties.
(
We will refer to M in the above lemma as the invertible subsheaf of (Ω n−1 X ) ∨∨ associated to the covering π : X → Z.
Smooth weighted hypersurfaces
Throughout the present section, we work over an algebraically closed field k of arbitrary characteristic unless otherwise specified. We always assume that a weighted projective space P := P(a 0 , . . . , a n+1 ) is well formed, that is, gcd{a 0 , . . . ,â i , . . . , a n+1 } = 1 for any i = 0, . . . , n + 1. Let x 0 , . . . , x n+1 be the homogeneous coordinates of degree a 0 , . . . , a n+1 , respectively. When we make explicit the ground field k, we put it as a subscript P k (a 0 , . . . , a n+1 ). The singular locus of P is a union of singular strata
(x i = 0) ⊂ P for all subset J ⊂ {0, . . . , n + 1} with gcd{ a j | j ∈ J } > 1.
Let X = X d be a weighted hypersurface in P := P k (a 0 , . . . , a n+1 ) of degree d and let F (x 0 , . . . , x n+1 ) = 0 be its defining equation. We say that X is quasi-smooth if its affine cone C X := (F = 0) ⊂ A n+2 is smooth outside the origin. We say that X is well formed if X does not contain any singular stratum of codimension 2 in P. Note that for a quasi-smooth well formed X, the adjunction holds:
Remark 3.1. Let X be as above. We say that X is a linear cone if its defining equation is linear with respect to some coordinate x i . In this case X is isomorphic to P(a 0 , . . . ,â i , . . . , a n+1 ). Clearly a general weighted hypersurface of degree d in P is a linear cone if and only if d = a i for some i. Note that under the assumption of Theorem 1.1, 1.2 or 1.3, it is easy to verify d > a i for any i so that X cannot be a linear cone.
Throughout the present section, we set P = P k (a 0 , . . . , a n+1 ) and
We fix notation which will be valid in the rest of the paper: for positive integers a 0 , . . . , a n+1 and d, a max = max{a 0 , . . . , a n+1 },
and we always assume that a 0 = a 1 = · · · = a r = 1 and a i > 1 for i > r. Finally we define ∆ =
3.1. Open charts of weighted projective space. We explain descriptions of open sets U i and U i,j when a i = 1 and a i is coprime to a j , respectively. We consider U i and assume that a i = 1. By symmetry, we may assume i = 0. Then we have an isomorphism
.
0 , we see that U i is isomorphic to the affine space A n+1 x 1 ,...,x n+1 with coordinatesx 1 , . . . ,x n+1 . Note that the restriction of the global section
We consider U i,j and assume that a i is coprime to a j . By symmetry, we may assume i = n, j = n + 1. We take integers λ, µ such that λa n − µa n+1 = 1 and set Q = x λ n x −µ n+1 . Then we have an isomorphism
Note that, for restrictions of global sections x i , 0 ≤ i ≤ n − 1, x n and x n+1 , we have
3.2. Restriction maps. The following elementary result is useful in the study of restriction maps of global sections.
Lemma 3.2. Let a, b and N be positive integers and suppose that a is coprime to b and N ≥ (a−1)(b−1). Then there exist non-negative integers k and l such that N = ka+lb.
Proof. If either a = 1 or b = 1, then the assertion is trivial. Without loss of generality we may assume 1 < a < b. For an integer i, we set
It follows that N l ≥ 0 in any case and we have N l = ka for some non-negative integer k. This shows the existence of k and l.
We study restriction maps in several cases.
Lemma 3.3.
(1) Let i be such that a i = 1 and let c, l be positive integers such that c ≥ la max . Then the restriction map
(2) Let i = j be such that a i is coprime to a j , and c an integer such that c > (a i − 1)(a j − 1). Then the image of the restriction map
Proof. We prove (1). Let p ∈ U i be a point. Replacing coordinates, we may assume i = 0 and p = (1 : 0 : · · · : 0). The open set U 0 is isomorphic to the affine space A n+1 with coordinatesx 1 , . . . ,x n+1 and we have x j | U 0 =x j . For any 1 ≤ j 1 , . . . , j l ≤ n + 1 and non-negative integers m 1 , . . . , m l with 0
and the restriction of the monomial
This immediately shows that rest l+1 p is surjective. We prove (2). We may assume (i, j) = (n, n + 1). Then the open set U n,n+1 is isomorphic to A ñ x 0 ,...,x n−1
, we can take non-negative integers ν n , ν n+1 such that c − 1 = ν n a n + ν n+1 a n+1 by Lemma 3.2. By setting M = x νn n x ν n+1 n+1 , we have monomials
and they restrict tox
where m is a suitable integer. Since p ∈ U n,n+1 ∩ ∆, the coordinatesx 0 , . . . ,x r can be chosen as a part of local coordinates of P at p (without taking a translation) and the coordinate u does not vanish at p. Thus the section
) and the image of rest 2 p is of dimension at least r + 1. Lemma 3.4. Suppose that a 0 , . . . , a n+1 are mutually coprime to each other and let c be positive integer divisible by a Π . Then the restriction map
Proof. By the assumption, the singular locus of P is the set { p i | a i > 1 }, hence the smooth locus of P is covered by the U i for i such that a i = 1 and the
Suppose that p ∈ U i,j with i = j and a i , a j > 1. Without loss of generality, we may assume (i, j) = (n, n + 1), i.e. p ∈ U n,n+1 . As in the proof of Lemma 3.3, U n,n+1 is isomorphic to A ñ
, where x j | U n,n+1 =x j for j = 0, . . . , n − 1. Let λ, µ be positive integers such that λa n − µa n+1 = 1 and set
and thus there exists a monomial M j = x λ j n x µ j n+1 of degree c − a j by Lemma 3.2. Hence we have global sections
which restrict tox
. Now we write c = ma n a n+1 , where m ≥ 1. Then the sections
We see that the image of the sections
. This completes the proof. Remark 3.5. Let Z be an irreducible subvariety of P and let p ∈ Z be a point such that both Z and P are smooth at p. Then the surjectivity of the restriction map 
3.3.
Smoothness of various weighted projective varieties. Let F = |O P (d)| be the complete linear system of weighted hypersurfaces of degree d in P = P k (a 0 , . . . , a n+1 ) so that F ∼ = P N , where N = h 0 (P, O P (d)) − 1, and let W ⊂ P × F, together with the second projection W → F, be the family of such weighted hypersurfaces. We set
The image of W sing under the second projection W sing → F is the space parametrizing singular weighted hypersurfaces of degree
For a component V of W sing , its image via the first projection P × F → P is denoted by C P (V) and is called the P-center of V. For a component V of W sing and a point p ∈ P, we denote by V p the fiber over P of the projection V → P. We define
Lemma 3.6. Suppose that d ≥ a max . Then the following assertions hold.
and a i is coprime to a j . Suppose that one of the following holds.
Proof. We prove (1). Let V ⊂ W sing be an F-dominating component. Suppose that the P-center
is surjective for any point p ∈ U i by Lemma 3.3. This shows that, for any point
. . , r, and (1) is proved. We prove (2) . Let V ⊂ W sing be an F-dominating component. By (1), C = C P (V) is contained in ∆. Suppose that C ∩ ∆ i,j = ∅. We set c = n + 2 and c = r + 1 if we are in case (i) and (ii), respectively. By Lemmas 3.4 and 3.3. (2), the image of the restriction map
is of dimension at least c for any p ∈ ∆ ij , and thus the codimension of V p is at least c in F. We have
where the last inequality clearly follows when we are in case (i) and follows since dim C ≤ dim ∆ = n − r and n ≤ 2r when we are in case (ii). This is impossible and (2) is proved.
We set p i = (0 : · · · : 1 : · · · : 0) ∈ P, where the unique 1 is in the (i + 1)st position. Then we have
Lemma 3.7. Suppose that a 0 , . . . , a n+1 are mutually coprime to each other.
Proof. We prove (1). Suppose that there exists an F-dominating component V ⊂ W sing . By Lemma 3.6, C P (V) = {p i } for some i ∈ {r + 1, . . . , n + 1}, that is, a general member of F is singular at p i . On the other hand, since d is divisible by a i for any i, a general member of F does not even pass through p i for any i = r + 1, . . . , n + 1. This is a contradiction and there is no F-dominating component of W sing . Therefore a general member of F is smooth. We prove (2) . Let X 1 be a general weighted hypersurface of degree d 1 in P which is smooth by (1) . By Lemma 3.4, the restriction map
is surjective for any point p ∈ X 1 . From this we can conclude (by counting dimensions) that a general member Z ∈ |O X 1 (d 2 )|, which is a general weighted hypersurface of type
Lemma 3.8. Suppose that the following conditions are satisfied.
(1) a i is coprime to a j for any i < j except for {i, j} = {n, n + 1}.
(2) d is divisible by a i for any i. (3) 2r ≥ n. Then a general weighted hypersurface of degree d in P(a 0 , . . . , a n+1 ) is smooth outside
Proof. Let V ⊂ W sing be an F-dominating component. We can apply Lemma 3.6.(1), since d ≥ a max by the assumption (2), and also apply Lemma 3.6.(2) for r < i < j ≤ n + 1 with (i, j) = (n, n + 1) and conclude that C P (V) is contained in the set {p r+1 , . . . , p n−1 } ∪ Γ, where Γ = (x 0 = · · · x n−1 = 0). Since d is divisible by a i for i = r + 1, . . . , n − 1, C P (V) = {p i } for i = r + 1, . . . , n − 1. Thus the P-center of a Fdominating component is contained in Γ. Therefore a general member of F is smooth outside Γ.
Lemma 3.9. Suppose that the following conditions are satisfied.
(1) a 0 , . . . , a n+1 are mutually coprime to each other.
2r ≥ n. Then a general weighted hypersurface of degree d in P(a 0 , . . . , a n+1 ) is smooth outside the point p k = (0 : · · · : 1 : 0 : · · · : 0).
Proof. Let V ⊂ W sing be an F-dominating component. We can apply Lemma 3.6 and conclude that C P (V) is contained in {p r+1 , . . . , p n+1 }. Since d is divisible by a i for i = k, C P (V) = {p i } for i = k. Therefore C P (V) ⊂ {p k } and the proof is completed.
3.4.
Characterization of smooth well formed weighted hypersurfaces. Lemma 3.10. Let X be a general weighted hypersurface of degree d in P k (a 0 , . . . , a n+1 ). Then X is smooth, well formed and is not a linear cone if and only if the following conditions are satisfied:
Proof. Set P k := P k (a 0 , . . . , a n+1 ). Suppose that (1), (2) and (3) are satisfied. By (3), X is not a linear cone. By (1), P k has at most isolated singularities and hence X is clearly well formed. By Lemma 3.8, X is smooth.
Conversely, suppose that X is smooth, well formed and is not a linear cone. We first prove that (1), (2) and (3) hold assuming that char(k) = 0. By [13, Corollary 2.14], X is quasi-smooth, which implies Sing(X) = X ∩ Sing(P k ). Since X is smooth, this means X ∩ Sing(P k ) = ∅. Hence P k has at most isolated singularities and X avoids those points. The former implies (1). The latter implies that d is divisible by a i for any i, which implies (2). We now know that d is divisible by a max . The case d = a max does not happen since X is not a linear cone. Thus we have (3). Now suppose that char(k) = p > 0. Then we can lift a very general weighted hypersurface X of degree d in P k to a very general weighted hypersurface, denoted by X K , of degree d in P K (a 0 , . . . , a n+1 ), where K is an algebraically closed field with char(K) = 0 (using the ring of Witt vectors with residue field k). We see that X K is smooth, by the generic smoothness, and it is clearly well formed and is not a linear cone. Then (1), (2) and (3) are satisfied by the above argument.
Further restrictions are imposed on a 0 , . . . , a n+1 and d when a general weighted hypersurface is in addition assumed to be Fano. Lemma 3.11. Suppose that n ≥ 3 and that a general weighted hypersurface of degree d in P k (a 0 , . . . , a n+1 ), a 0 ≤ · · · ≤ a n+1 , is a smooth well formed Fano variety which is not a linear cone. Then the following assertions hold.
(1) 2r ≥ n + 1. (2) d ≥ 3a n unless d = 2 and r = n + 1. (3) d ≥ 3a n+1 unless either d = 2a n+1 and r ≥ n or d = 2a n+1 , r = n − 1 and a n = 2.
Proof. We note that the assumption implies that the conditions (1), (2) and (3) in Lemma 3.10 are satisfied. We prove (1). If r ≥ n − 1, then the assertions follows immediately since n ≥ 3. Thus we assume r ≤ n − 2. Since 2 ≤ a r+1 , 3 ≤ a r+2 , . . . , n − r + 1 ≤ a n , we have
On the other hand, the assumption that a general weighted hypersurface X of degree d in P(a 0 , . . . , a n+1 ) is Fano implies d < a Σ ≤ r + 1 + (n − r + 1)a n+1 .
Combining the above inequalities, we have (n − r + 1)((n − r)! − 1)a n+1 < r + 1.
Since we are assuming r ≤ n−2, we have (n−r)!−1 ≥ 1. Hence we have n−r+1 < r+1 and this proves (1).
We prove (2) . Suppose that d < 3a n . Since d is divisible by a n and X is not a linear cone, we have d = 2a n . Since a n+1 divides d and a n+1 is coprime to a n , we have a n+1 ≤ 2. If a n+1 = 1, then we have r = n + 1 and d = 2. Suppose that a n+1 = 2. Then a 0 = · · · = a n = 1. In particular we have d = 2a n = 2 = a n+1 . But this is impossible since X is not a linear cone. This proves (2) .
We prove (3). Suppose that d < 3a n+1 . By the similar argument as above, we have d = 2a n+1 and a n ≤ 2. If a n = 1, then we have r ≥ n, and if a n = 2, then r = n − 1. This proves (3).
Proof of Theorem 1.2
Let n ≥ 3, a 0 , . . . , a n+1 and d be positive integers which satisfy the assumptions of Theorem 1.2, i.e. a general degree d weighted hypersurface in P C := P C (a 0 
Proof. Let W be a very general weighted hypersurface of degree d in P C (a 0 , . . . , a n+1 ).
If we are in case (1), then H 0 (W, ω W ) = 0 and W is not stably rational by Lemma 2.4. Suppose that we are in case (2) . We assume that a max = a n+1 and write d = mpa Π for some positive integer m. Then we have d = mpa Π < 2pa max = 2pa n+1 , which implies m = 1 and a 0 = · · · = a n = 1. Then W degenerates to a degree p cyclic cover W of P n C branched along a very general hypersurface of degree d = pa n+1 and the condition of Theorem 1.2 is equivalent to d ≥ n + 1. Then the failure of stable rationality of W , hence of W by the specialization theorem [15, Theorem 2.1], is proved in [4] and [11] .
In the following we assume that we are in none of the cases (1) and (2) of Lemma 4.1 so that n, a 0 , . . . , a n+1 , d and p satisfy the following. (1) a 0 , . . . , a n+1 are mutually coprime to each other and n ≥ 3. (2) p is a prime number and d is divisible by pa Π .
Note that the conditions (1), (2) and (4) follow from the assumption of Theorem 1.2 and Lemma 3.10. The condition (3) is due to Lemma 4.1.
We explain a degeneration of weighted hypersurfaces which enables us to pass to characteristic p in the proof of Theorem 1.2. We set b = d/p. 
t , where we take x 0 , . . . , x n+1 , y as homogeneous coordinates of degree a 0 , . . . , a n+1 , b, respectively, and f, g ∈ C[x 0 , . . . , x n+1 ] are homogeneous polynomials of degree d, b, respectively. We assume that f and g are very general. By eliminating the coordinate y, the fiber of X → A 1 t over a point except for the origin is a (very general) weighted hypersurface of degree d in P C = P C (a 0 , . . . , a n+1 ) and, for the fiber X o over the origin o ∈ A 1 , we have an isomorphism
which is a degree p cyclic cover of the weighted hypersurface (g = 0) ⊂ P C branched along the divisor (f = g = 0) ⊂ P C . This degeneration originates [10, Example 4.3] . By Lemma 3.7, both (g = 0) ⊂ P C and (f = g = 0) ⊂ P C are smooth since deg f = d and deg g = b = d/p are both divisible by a Π , which implies that X o is smooth. By the degeneration theorem [15, Theorem 2.1], to prove Theorem 1.2, it is enough to show that X o is not universally CH 0 -trivial. By Theorem 2.3, it is then enough to work over an algebraically closed field k of characteristic p, consider a weighted hypersurface of the form
where f, g ∈ k[x 0 , . . . , x n+1 ] are very general, and show the existence of a universally CH 0 -trivial resolution ϕ :X → X such thatX is not universally CH 0 -trivial. Note that X is the covering of Z := (g = 0) ⊂ P k (a 0 , . . . , a n+1 ) obtained by taking the pth roots of the section f ∈ H 0 (Z, O Z (d)).
In the following, we work over an algebraically closed field k of characteristic p. Let f, g ∈ k[x 0 , . . . , x n+1 ] be general homogeneous polynomials of degree d, b = d/p, respectively. We set
and let π : X → Z be the natural morphism. Here x 0 , . . . , x n+1 , y are homogeneous of degree a 0 , . . . , a n+1 , b ofP, respectively, and we use the same coordinates x 0 , . . . , x n+1 for the homogeneous coordinates of P.
Lemma 4.4. Z is smooth.
Proof. In view of (1) and (2) of Condition 4.2, this follows from Lemma 3.7.
We set L = O Z (b) and we view f as an element of
. Then π : X → Z can be identified with the covering of Z obtained by taking the pth roots of f ∈ H 0 (Z, L p ). In the following we assume that a 0 = · · · = a r = 1 and a i > 1 for any i > r. We set ∆ = (x 0 = · · · = x r = 0) ⊂ P and ∆ Z = ∆ ∩ Z.
Proof. By Conditions (1) and (2), we can apply Lemma 3.4 and conclude that the image of the restriction map
is surjective for any point p ∈ Z. It follows that the sections in H 0 (Z, L p ) having a critical point at a given point p ∈ ∆ Z form a subspace of codimension at least n. Since dim ∆ Z < n, the proof is completed by counting dimensions:
This shows that a general f ∈ H 0 (Z, L p ) does not have a critical point along ∆ Z .
Lemma 4.6. A general f ∈ H 0 (Z, L p ) has only admissible critical points on Z.
Proof. We set U i = (x i = 0) ⊂ P and U = U 0 ∪ · · · ∪ U r . Note that U = P \ ∆. Since d ≥ 2pa max > 3a max by Condition 4.2.(3), the restriction map Proof. Let M be the invertible subsheaf of (Ω n−1 X ) ∨∨ associated to the covering π : X → Z. We have an isomorphism
By Lemmas 4.6 and 2.7, X admits a universally CH 0 -trivial resolution ϕ : 
Proof of Theorem 1.3
The aim of this section is to prove Theorem 1.3 following the Totaro's degeneration (to a reducible variety) which will be explained below. We assume that a 0 , . . . , a n+1 , d and e = d/a Π are positive integers satisfying the assumptions of Theorem 1.3.
Lemma 5.1. Theorem 1.3 holds true if in addition one of the following is satisfied.
Proof. Let W = W d ⊂ P C (a 0 , . . . , a n+1 ) be a very general weighted hypersurface of degree d. If (1) is satisfied, then W is clearly not stably rational. Suppose that e = 3, i.e. d = 3a Π . Then the condition d ≥ a Π + 2 3 a Σ is equivalent to d ≥ a Σ , hence W is not stably rational.
In the following we assume that we are not in (1) or (2) of Lemma 5.1 so that n, a 0 , . . . , a n+1 , d and e satisfy the following.
Condition 5.2.
Remark 5.3. Let W be a very general weighted hypersurface of degree d = ea Π in P C := P C (a 0 , . . . , a n+1 ). We can degenerate W to a union of a very general weighted hypersurfaces X and G in P C of degree (e − 1)a Π and a Π , respectively. Note that e − 1 is even. Let Y be the degeneration of X over an algebraically closed field k of characteristic 2 obtained as in Remark 4.3, which is a purely inseparable double cover of a very general weighted hypersurface Z in P k := P k (a 0 , . . . , a n+1 ) of degree (e − 1)a Π /2. Let H be a very general weighted hypersurface of degree a Π in P k to which G degenerates. We set b = (e − 1)a Π /2 and write
where x 0 , . . . , x n+1 , y are homogeneous coordinates of degree a 0 , . . . , a n+1 , b, respectively, and f, g, h ∈ k[x 0 , . . . , x n+1 ] are very general homogeneous polynomials of degree 2b = (e − 1)a Π , b, a Π , respectively, and set L = O Z (b). Let π : Y → Z be the natural morphism which is obtained by taking the roots of f ∈ H 0 (Z, L 2 ). We set
Note that π| Y H : Y H → Z H is the morphism obtained by taking the roots of
. Now suppose that the following are satisfied.
(1) Z is smooth, the section f ∈ H 0 (Z, L 2 ) does not have a critical point on Y H ⊂ Y and has only admissible critical points on Z. (2)) model , we may assume that the restriction ϕ|Z H :Z H → Z H , whereZ H is the proper transform of Z H by ϕ, is the universally CH 0 -trivial resolution of Z H . Under the above assumptions, it follows from the argument in [14] in pages 887 and 888 that universal CH 0 -triviality of W implies that the restriction
is injective. By (1) and (3),
). By (4),
. This is a contradiction. Therefore, for the proof of Theorem 1.3, it is enough to show that (1), (2), (3) and (4) are satisfied.
We keep the same notation and setting as in Remark 5.3.
Lemma 5.4. Z is smooth, the section f ∈ H 0 (Z, L 2 ) does not have a critical point on Z H ⊂ Z and has only admissible critical points on Z.
Proof. Recall that the weighted hypersurface Z ⊂ P is of degree b = (e − 1)a Π /2 and b is divisible by a Π . By Lemma 3.7, Z is smooth. Recall also that L 2 = O Z ((e − 1)a Π ) and e − 1 ≥ 4. By the same argument as in the proof of Lemma 4.5, we conclude that a general f ∈ H 0 (Z, L 2 ) does not have a critical point along a given proper closed subvariety of Z. Thus f does not have a critical point along ∆ Z ∪ Z H . Then, since (e−1)a Π ≥ 3a max , we can apply Lemma 3.3. (1) and conclude that f has only admissible critical points on Z (by the same argument as in the proof of Lemma 4.6). (1), (2), (3) and (4) in Remark 5.3 are satisfied. Conditions (1) and (2) 
We have H 0 (Y, M) = 0 since d ≥ a Π + 2 3 a Σ , and the condition (3) is verified. Finally, we have
Since (e + 1)/2 < e and d − a Σ < 0, we have e + 1 2
and thus the condition (4) is verified. This completes the proof.
Proof of Theorem 1.1
The aim of this section is to prove Theorem 1.1. Let n ≥ 3, a 0 , . . . , a n+1 and d be as in Theorem 1.1. Since a general weighted hypersurface of degree d in P C (a 0 , . . . , a n+1 ) is smooth, well formed and is not a linear cone (see Remark 3.1), the weights a i are mutually coprime to each other, d ≥ 2a max and d is divisible by a Π . Lemma 6.1. Theorem 1.1 holds true if in addition one of the following is satisfied.
Proof. Let W be a very general weighted hypersurface of degree d in P C (a 0 , . . . , a n+1 ). If we are in case (1), then W is not stably rational since H 0 (W, ω W ) = 0. Suppose that we are in case (2) . If r = n + 1, i.e. W is a hypersurface of degree d in P n+1 , then the stable non-rationality of W follows from [14, Theorem 2.1] since the condition I W ≤ a max = 1 is equivalent to d ≥ n + 1 which is stronger than d ≥ 2 (n + 2)/3 . If r = n, then W can be degenerated to a (degree d/a max ) cyclic cover of P n C branched along a hypersurface of degree d. Then stable non-rationality of W follows from [11, Theorem 1.1] since the condition I W ≤ a max is equivalent to d ≥ n + 1.
Suppose that we are in case (3) . By (1) and (2), we may assume that d < a Σ and r ≤ n − 1. We may assume a max = a n+1 . Note that we have a 0 · · · a n ≥ 2. Let p be the smallest prime number dividing d/a Π . Then we have
By the assumption of Theorem 1.1, we have I W ≤ a n+1 which is equivalent to d ≥ a Σ − a n+1 . We have
Thus the assumption of Theorem 1.2 is satisfied and W is not stably rational. This completes the proof.
In the following we assume that we are in none of the cases (1), (2) and (3) of Lemma 6.1 so that n, a 0 , . . . , a n+1 and d satisfy the following after re-ordering the a i .
Condition 6.2.
(1) a 0 , . . . , a n+1 are mutually coprime to each other and n ≥ 3. (2) a n+1 = max{a 0 , . . . , a n+1 } and a n = max{a 0 , . . . , a n } ≥ 2.
Note that the inequality 3a n ≤ d follows from Lemma 3.11.(2). We choose and fix a prime number p which divides a n . We set b := a n a n+1 and e := d/b = a 0 · · · a n−1 . Note that d = eb. 
where f i ∈ k[x 0 , . . . , x n ] is a very general homogeneous polynomial of degree i, admits a universally CH 0 -trivial resolution ϕ :X → X such thatX is not universally CH 0 -trivial.
In the following we work over an algebraically closed field k of characteristic p unless otherwise specified and letP := P k (a 0 , . . . , a n+1 ) be the weighted projective space with homogeneous coordinates x 0 , . . . , x n+1 with deg x i = a i . The coordinate x n+1 will be distinguished and we denote it as y = x n+1 . We define X to be the weighted hypersurface of degree d inP defined by the equation
where f i ∈ k[x 0 , . . . , x n ] is a general homogeneous polynomial of degree i. Let P := P k (a 0 , . . . , a n , b)
be the weighted projective space with homogeneous coordinates x 0 , . . . , x n and z with deg x i = a i and deg z = b, and let Z be the weighted hypersurface of degree d in P defined by
Note that Z is a general weighted hypersurface of degree d in P. The restriction of the natural morphismP
to X is denoted by π : X → Z. We set
Lemma 6.4. Z • is smooth.
Proof. This follows from Lemma 3.8.
Lemma 6.5. X is smooth along Γ X .
Proof. Set V = (x n = 0) ∩ (y = 0) ⊂P k . We have Γ X = Γ X ∩ V since p n , p n+1 / ∈ X. Take positive integers λ, µ such that λa n − µa n+1 = 1 and set Q = x λ n y −µ . Note that p µ since p | a n . Then V can be identified with A ñ x 0 ,...,x n−1
on V . We write
where α i ∈ k is the coefficient of x ia n+1 n in f ib and h = h(x 0 , . . . , x n , y) is the remaining terms. Note that h ∈ (x 0 , . . . , x n−1 ). Then X ∩ V is defined by the equation
whereh =h(x 0 , . . . ,x n−1 , u) = h| V . Note that λea n − e = µea n+1 is not divisible by p, α 1 , . . . , α e are general,h ∈ (x 0 , . . . ,x n−1 ) and Γ X ∩V is defined byx 0 = · · · =x n−1 = 0. It is then easy to check that X is smooth along Γ X and the proof is completed.
We set L = O Z • (a n+1 ). We can view z (or more precisely z| Z • ) as an element of
, and π • = π| X • : X • → Z • is the covering obtained by taking the a n th roots of z. We define
The section z has a critical point at p ∈ Z • if and only if X is singular at any point of π −1 (p). Thus it is enough to show that X is smooth along ∆ • X , where ∆
Note that X is defined by a general element of W . We claim that the image of the restriction map rest
We set p i = (0 : · · · : 1 : · · · : 0) ∈P, where the unique 1 is in the (i + 1)st position. Then we have
Suppose that p ∈ ∆ ∩ V i,j for some r < i = j ≤ n. Then, since a i is coprime to a j and d ≥ a i a j > (a i − 1)(a j − 1), there exists monomial M = x λ i x µ j of degree d − 1 by Lemma 3.2. The section x i M ∈ W , for i = 0, . . . , r, restricts to the functionx i u l on V i,j , where l is a suitable integer, andx 0 , . . . ,x r form a part of local coordinates ofP at p. Thus the image of rest 2 p is of dimension at least r + 1. Suppose that p ∈ ∆∩V i,y for some r < i ≤ n−1. Then, since a i is coprime to a n a n+1 and d ≥ a i a n a n+1 > (a i − 1)(a n a n+1 − 1), there exists a monomial M = x λ i y µ an of degree d − 1. Since x i M ∈ W , i = 0, . . . , r, we can repeat the above arguments and conclude that the image of rest 2 p is of dimension at least r +1. Thus the claim is proved. For p ∈ ∆ • P , let W p be the subspace of W consisting of the polynomials H ∈ W such that the weighted hypersurface inP defined by H = 0 is singular at p. By the above claim, the codimension of W p in W is at least r + 1 for any p ∈ ∆ • \ {p r+1 , . . . , p n−2 }. Since dim ∆P = n − r and 2r > n by Condition 6.2.(4), we have
This shows that X is smooth along ∆ • P \ {p r+1 , . . . , p n−2 }. It is clear that a general H ∈ W does not vanish at p i (for i = r + 1, . . . , n − 2). Thus X is smooth along ∆ • P . Lemma 6.7. The section z ∈ H 0 (Z • , L an ) has only admissible critical points on Z • .
Proof. We choose and fix general f b , f 2b , . . . , f (e−1)b ∈ k[x 0 , . . . , x n ] and we will show that the section z ∈ H 0 (Z • , L an ) has only admissible critical points on Z • for a general choice of f d = f eb ∈ k[x 0 , . . . , x n ]. Note that Z itself varies as we vary f d .
Let F be the affine space parameterizing homogeneous polynomials of degree d = eb in variables x 0 , . . . , x n . For a homogeneous polynomial f d of degree d, we denote by [f d ] ∈ F the corresponding point. We set
• and z has a non-admissible critical point at p }.
It is enough to show that there is no F-dominating component of W na . Assume to the contrary that there exists such a component V of W na and let C be the P-center of V, i.e. the image of V under the first projection W na → P.
We compute the number of independent conditions imposed for z (and for f d ) to have a non-admissible critical point at p. To do so we may assume p = (1 : 0 : · · · : 0 : ζ) ∈ U 0 for some ζ ∈ k by considering a suitable automorphism of P • (which leaves z invariant). Note that, by Lemma 3.3. (1) and Condition 6.2. (3), the restriction map rest
we seth = h(1,x 1 , . . . ,x n ,z), so thath is the restriction of the section h to U 0 ∼ = A (e − j)α j ζ (e−j)−1 ∈ k.
We may assume ξ = 0 because otherwisez (or more precisely, its translationz − ζ) becomes a part of local coordinates of Z • at p and z does not have a critical point at p. Then we can choosex 1 , . . . ,x n as local coordinates of Z • at p and we expressz as
where , q and c are linear, quadric and cubic forms in variablesx 1 , . . . ,x n , respectively. By substitutingz = ζ + + · · · into the defining equationG = 0 of Z ∩ U 0 , we have
Looking at the constant term of g, we have It is now easy to see that, in view of the fact that rest 3 p is surjective,z = ζ + q + c + · · · has an admissible critical point at p for a general choice of q e , c e . This shows that the fiber W na p of W na → P over p ∈ U = U 0 ∪ · · · ∪ U r is of dimension dim F − (n + 2). Since dim P = n + 1, it follows that the P-center C of V is disjoint from U and thus contained in (x 0 = · · · = x r = 0) ⊂ P, that is, z has only admissible critical points on
Z for a general choice of f d . Now the proof is completed by Lemma 6.6. 
and hence
By Lemmas 6.7 and 2.7, X admits a universally CH 0 -trivial resolution ϕ :X → X such that ϕ * M → Ω 
A supplemental result
In this section, as a supplement to the main theorems stated in Section 1, we give a yet another result of the failure of stable rationality of smooth weighted hypersurfaces, which will be necessary in the proof of Corollary 1.5.
Theorem 7.1. Let X be a very general smooth well formed weighted hypersurface of degree d in P C (a 0 , . . . , a n+1 ) which is not a linear cone. Suppose that n ≥ 3 and there exists k ∈ {0, . . . , n + 1} with the following properties:
is satisfied. Then X is not stably rational.
Remark 7.2. The assumptions in Theorem 7.1 are complicated. However, when 2 appear in the weights and d/a Π is odd, they become simple because, by choosing a k = 2, the conditions (1), (2) and (3) are automatically satisfied.
In some cases, Theorem 7.1 can give results better than Theorems 1.1, 1.2, 1.3 (see also Remark 7.3 below): Consider a very general weighted hypersurface X 2ab ⊂ P C (1 n−1 , 2, a, b) , where n ≥ 3, 2 < a < b, a, b are odd and coprime to each other. Theorems 1.2 and 1.3 cannot be applicable to X 2ab and, by applying Theorem 1.1, we conclude the failure of stable rationality of X 2ab when 2ab − a ≥ n + 1. On the other hand, we can apply Theorem 7.1 and conclude the failure of stable rationality of X 2ab for 3ab − a − b ≥ n + 1, which is better than the result obtained by Theorem 1.1.
Remark 7.3. We consider a very general weighted hypersurface X 2m ⊂ P C (1 2m+1 , 2) of degree 2m for m ≥ 2. Failure of stable rationality of X 2m is proved for even m ≥ 4 by Theorem 1.2 and for odd m ≥ 7 by Theorem 1.3, and the cases m = 2, 3, 5 are not covered by the main theorems in Section 1. By Theorem 7.1, we can conclude that X 2m is not stably rational for m = 3, 5. Moreover, X 4 ⊂ P(1 5 , 2) is covered by [6] , so that X 2m is not stably rational for any m ≥ 2.
From now on, let a 0 , . . . , a n+1 , d, k and p be are as in Theorem 7.1. We set b = d/a k . Lemma 7.4. Theorem 7.1 holds true if in addition one of the following condition is satisfied.
Proof. Let W = W d ⊂ P C (a 0 , . . . , a n+1 ) be a very general smooth well formed weighted hypersurface of degree d. (1) is obvious and we omit the proof. We may assume d < a Σ , that is, W is Fano, in the following. We prove (2) . Suppose that d < 3a max . Then, by Lemma 3.11.(3), d = 2a max and we are in one of the cases: (i) r = n + 1, (ii) r = n, (iii) r = n − 1 and a n = 2.
The case (i) does not happen since we are assuming the existence of a k > 1. Suppose that we are in case (ii). Then we have W = W 2a ⊂ P(1 n+1 , a) and a k = a > 1. The condition (4) in Theorem 7.1 is equivalent to a ≥ n − 1 which implies I X = n + 1 − a ≤ 2 ≤ a = a max . Thus W is not stably rational by Theorem 1.1.
Suppose that we are in case (iii). Then W = W 2a ⊂ P(1 n , 2, a) for some odd a ≥ 3. There are two possibility for the choice of k: either a k = 2 or a k = a. If a k = 2 (resp. a k = a), then the condition (4) of Theorem 7.1 is equivalent to 2a ≥ n+2 (resp. a ≥ n), and in both cases we have I W = n + 2 − a ≤ a = a max . It follows that W is not stably rational by Theorem 1.1 and (2) is proved.
Hence, in addition to the conditions explicitly given in Theorem 7.1, we may assume that the following hold.
Condition 7.5.
Note that (1), (2), (3) follows from Lemmas 3.10, and 3.11, (4) follows from the condition (3) of Theorem 7.1 and (5) follows from Lemma 7.4.
In the following we choose and fix a prime number p which divides a k .
Remark 7.6. By considering the variety
By Lemma 7.7 below, W is smooth. We consider reduction modulo p of W and set
where k is an algebraically closed field of characteristic p and f, g ∈ k[x 0 , . . . , where x 0 , . . . , x n+1 , y are homogeneous coordinates of degree a 0 , . . . , a n+1 , b, respectively. Then the following assertions hold.
(1) X K is smooth along Γ ∩ X K .
(2) If char(K) = 0, then X K is smooth.
Proof. In this proof, re-ordering the a i , we assume that k = n + 1, i.e. a k = a n+1 . We first prove (1). We may assume that the coefficient of the degree d monomial x b n+1 in f is 1 since f is general. Then Γ ∩ X K = (x 0 = · · · = x n = 0) ∩ X K = (x 0 = · · · = x n = y a n+1 − x b n+1 = 0). Let p ∈ Γ ∩ X K be any point. Then we can write p = (0 : · · · : 0 : α : β) for some non-zero α, β ∈ K. Since b is coprime to a k = a n+1 , we can take positive integers λ, µ such that λa n+1 − µb = 1, and set Q = x λ n+1 y −µ . Then the open set V = (x n+1 = 0) ∩ (y = 0) ⊂ P K is isomorphic to A n+1 x 0 ,...,x n−1 × (A 1 u \ {o}), wherex i = x i /Q a i and u = y a n+1 /x b n+1 . Note that p corresponds to the point (0, . . . , 0, γ) ∈ A n+1 × (A 1 \ {o}) for some non-zero γ ∈ K. Let l = n + 1 be such that b − a l is divisible by a n+1 (such an l exists by the assumption of Theorem 7.1) and write b − a l = ma n+1 , where m = (b − a l )/a n+1 is a positive integer. We may assume that the coefficient of the degree b monomial x l x m n+1 in g is 1 since g is general. Then we havẽ f := f | V = u λa n+1 − u µb +f 1 ,g := g| V =xu ν +g 1 , where ν = 0 is an integer,f 1 ,g 1 ∈ (x 0 , . . . ,x n ) andx l u ν is the unique unique term iñ g consisting only ofx l and u. We see that X K ∩ V is the subvariety of V defined bỹ f =g = 0 and we compute ∂f ∂u (p) = ∂g ∂x l (p) = 1, which shows that X K is smooth at any point of Γ ∩ X K . This proves (1). We prove (2) . We assume char(K) = 0. We set Z K := (g = 0) ⊂ P K := P K (a 0 , . . . , a n+1 ), and let D K = (f = g = 0) ⊂ P K be the divisor on Z K cut out by the equation f = 0. Note that a 0 , . . . , a n+1 are mutually coprime to each other, b = deg g is divisible by a Π /a n+1 and b > (a i − 1)(a j − 1) for any i = j. Hence, by Lemma 3.9, Z K is smooth outside the point q := (0 : · · · : 0 : 1) ∈ P K . We see that D K is a general member of the base point free linear system |O Z K (d)|. By Bertini theorem, D K is smooth. Let π : X K → Z K be the natural morphism. Then, since Z K is smooth outside q and X \ π −1 (q) → Z K \ {q} is a cyclic covering branched along the smooth divisor D K , we conclude that X K \ π −1 (q) is smooth. We have π −1 (q) = Γ ∩ X K . By (1), X K is smooth at any point of π −1 (q), hence X K is smooth.
In the following, we work over an algebraically closed field k of characteristic p, where we recall that p divides a k . Let f, g ∈ k[x 0 , . . . , x n+1 ] be general homogeneous polynomials of degree d, b = d/a k , respectively. We set X = (y a k − f = g = 0) ⊂ P k (a 0 , . . . , a n+1 , b), Z = (g = 0) ⊂ P := P k (a 0 , . . . , a n+1 ), and let π : X → Z be the natural morphism. By the above argument Theorem 7.1 follows if we show the existence of a universally CH 0 -trivial resolution of singularities ϕ :X → X such thatX is not universally CH 0 -trivial. For i = 0, . . . , n + 1, we define q i = (0 : · · · : 1 : · · · : 0) ∈ P, where the unique 1 is in the (i + 1)st position. Since b is not divisible by a k , we have q k ∈ Z. We set Z • = Z \ {q k } and X • = π −1 (Z • ). Proof. For r < i = j ≤ n + 1, we set U i,j = (x i = 0) ∩ (x j = 0) ⊂ P. We have
Since d ≥ a i a j for any i, j = k, we can apply Lemma 3.3.(2) (cf. Remark 3.5) and the image of the restriction map
We set N I = max{3I − 2, 4I − 2, 3I + 3(I − 1)! − 2, N I }. Then the assertion in the corollary holds for this N I .
Proof of Corollary 1.5. Let X = X d ⊂ P C (a 0 , . . . , a n+1 ) be a very general smooth well formed hypersurface of degree d. (1) follows immediately from Theorem 1.1.
Suppose that I X = 2. Then I X > a max if and only if a 0 = · · · = a n+1 = 1. In this case X is a degree n hypersurface in P n+1 which is not stably rational except when n = 3 by [14] . This proves (2) .
Suppose that I X = 3. Then I X > a max if and only if either X is a hypersurface of degree n − 1 in P n+1 or X is a weighted hypersurface of degree 2m in P(1 2m+1 , 2) for m ≥ 2. If X is a hypersurface of degree n − 1 in P n+1 , then X is not stably rational except when n = 3, 4, 5, 6, 8 by [14] . We see from Remark 7.3 that X = X 2m ⊂ P(1 2m+1 , 2) is not stably rational for any m ≥ 2. This proves (3).
